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Abstract: A theory on the horizontal spreading of contaminants in the surf zone is described in this paper. The surf zone is viewed as a narrow
strip comparable to the characteristic wavelength, in which turbulence caused by wave breaking is strong. Flows inside the surf zone consist of
both oscillatorymotions and a steady current induced by breakingwaves. Thewave field in the shoaling zone ismodeled by the linear theory for
monochromatic waves, and it is assumed that the breaking wave height is proportional to the local depth in the surf zone. The simplest scenario
of longshore current on a straight beach of constant slope is considered, for which the longshore current velocity is predicted by a slightly mod-
ifiedversionofLonguet-Higgins’ original theory developed in the 1970s.On the basis of the estimation that the time scale of horizontal diffusion
is much longer than the wave period, the perturbation method of multiple scales is applied to derive the transport equation for the advective
diffusion of a solute. The total advection velocity is found to be the sumof the steady current caused by radiation stresses and a contribution from
the covariance of fluctuating velocity and concentration, which is the same as the Stokes drift in periodic waves. Numerical predictions for the
movement of a solute cloud released, instantaneously or continuously, in a longshore current along a plane beach are examined. The solute is
found to drift shoreward in addition to the expected transport along the shore. Computed examples are presented and comparisonswith available
laboratory experiments are also discussed. DOI: 10.1061/(ASCE)WW.1943-5460.0000196. © 2013 American Society of Civil Engineers.
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Introduction

In engineering practice, mixing of contaminants in the ocean is
usually assessed by means of depth-averaged transport models that
require knowledge of the flow field and empirical coefficients to
predict concentrations within a particular site. Several theories have
been proposed to predict themixing and transport of contaminants in
shallow waters. Fischer et al. (1979) proposed a two-dimensional
(2D) depth-integrated transport equation averaged over a tidal cycle
to assess mixing processes in estuaries, whereas Rutherford (1994)
derived a similar equation to evaluate mixing in rivers where shear
dispersion caused by vertical variations of the velocity is dominant.
For solute transport in the surf zone, Harris et al. (1963) and Inman
et al. (1971) took the first steps by estimating the magnitude of
turbulent diffusivity from field data based on the simple diffusion
equation.

In recent years, there have been extensive field measurements on
natural beaches. For example, Takewaka et al. (2003) reported video
images taken at PARI’s Oceanographical Research Station located

in Hasaki, Japan, on the evolution of a dye patch released outside the
main surf zone. Unfortunately the current measurements were only
taken outside the main surf zone, and the dye patch never entered the
breakers. Spydell et al. (2007, 2009) reported observations of drifter
movement on a natural beach and suggested a mathematical model
where the diffusivity is expressed as a convolution integral. Clarke
et al. (2007) described field observations of dye transport on a natu-
ral beach where rip currents were also present and used a simple
advection-diffusion model to simulate shoreline concentration time
series for an idealized surf zone. Feddersen (2007) proposed amodel
by assuming that the mass itself is diffused like heat and convected
by the longshore velocity. Laboratory experiments have also been
conducted using simple geometries. Sun and Tao (2003) carried out
experiments on a straight and plane beach in a rectangular wave
basin and described a numerical model based on the mild-slope
equation for waves and the full advective diffusion equation for the
solute transport. Pearson et al. (2009) examined the mixing process
for normally incident waves combined with an externally imposed
longshore current in the laboratory experiments to estimate the
cross-shore mixing coefficients.

For a better understanding of the physics behind the transport
process in the surf zone, more analytical work will be useful to help
ascertain the detailed role of incident waves. Although future
mathematical models must be highly numerical to account for a
multitude of complex factors in nature such as coastal geography,
nonlinearity in wave climate, rip currents, wind, and tides, etc.,
approximate theories and rigorously controlled experiments for
simple systems can sharpen the understanding of the role of each
factor. An essentially analytical theory for dye release near and in-
side the surf zone along a plane beach, caused by breaking of a
monochromatic wave train, is reported herein. The classical theory of
longshore currents by Longuet-Higgins (1970a, b) is adopted to cal-
culate longshore current velocity using wave amplitudes according
to the linear theory for monochromatic waves in both the shoaling
and surf zones. Assuming the solute to be vertically well mixed, an
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advective-diffusion equation for the slow time transport of solute in the
horizontal plane is derived. Using multiple-scale analysis, it is shown
that in addition to longshore current, Stokes drift is also responsible
for solute transport inside and outside of the surf zone. Numerical
examples are presented for a variety of wave conditions to model
the transport of a dye cloud released inside or slightly outside
the surf zone. Comparisons with available laboratory and field
experiments are discussed.

Theoretical Background

The solute concentration in shallow water is assumed to be constant
in depth because of either effective vertical mixing or negligible
buoyancy. Conservation of solute in a vertical column of water is

∂
��
h9þ h

�
C
�

∂t
þ ∂

�
u
�
h9þ h

�
C
�

∂x
þ ∂

�
v
�
h9þ h

�
C
�

∂y

¼ ∂
∂x

��
h9þ h

�
Kx

∂C
∂x

�
þ ∂
∂y

��
h9þ h

�
Ky

∂C
∂y

�
þ q (1)

where Cðx, y, tÞ 5 depth-averaged concentration; h9ðx, y, tÞ
5 fluctuating part of the free surface elevation; hðx, yÞ 5 time-
averaged water depth over a period accounting for set-down and
setup as detailed in the section Mean Free Surface; uðx, y, tÞ and
vðx, y, tÞ 5 cross-shore and longshore velocities, respectively; and Kx

and Ky 5 cross-shore and longshore turbulent diffusivities, respec-
tively. Finally, qðx, y, tÞ 5 rate of solute discharge per unit area.

Assuming small wave amplitudes, h9� h, the transport equation
can be linearized to
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(2)

after invoking conservation of water mass

∂h9
∂t

þ ∂
�
uh

�
∂x

þ ∂
�
vh
�

∂y
¼ 0 (3)

This linearization is also the basis of the existing longshore
current theory (Longuet-Higgins 1970a, b), which is justifiable only
in the shoaling zone but not in the surf zone. Because this simpli-
fication has nevertheless proven to be successful in predicting
longshore current, it is adopted here despite its crudeness.

Order Estimates

The wave period T5 2p=v is chosen to characterize time and the
wavelength l0 5 2p=k0 to characterize horizontal distances in-
cluding the surf zone width, wherev is the frequency of the incident
wave and k0 5v=

ffiffiffiffiffiffiffi
gh0

p
is the wave number at the depth h0. In-

troducing the following normalizations

ðx9, y9Þ ¼ ðx, yÞ
l0

, t9 ¼ t
T
, ðu9, v9Þ ¼ Th0

l0A0
ðu, vÞ, h9 ¼ h

h0
,

�
Kx9,Ky9

� ¼
�
Kx,Ky

�
Kb

, C9 ¼ C
C0

,
q9

h9
¼ q

h
Ts
C0

(4)

where A0, Kb, and C0 5 characteristic wave amplitude, turbulent
diffusivity, and concentration, respectively, and Ts 5 time scale of

solute release, assumed to be much longer than the wave period.
Substituting these dimensionless variables into Eq. (2)
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in which A0=h0 5 nonlinearity of wave motion; TKb=l
2
0 5 ratio of

wave period to diffusion time; and T=Ts 5 ratio of wave period to
solute release time. Inman et al. (1971) suggested a cross-shore
diffusivity given by Kb 5Oð2Abxb=TÞ, where Ab 5 root mean
square breaker amplitude; xb 5width of the surf zone; and T 5 peak
period of the wave energy spectra. As an example, let 2Ab 5 1m,
xb 5 10m, and T 5 10 s, then Kb 5Oð1Þm2=s. Comparable esti-
mates from field observations have been reported by Takewaka
et al. (2003), Mariani (2004), Clark et al. (2010), and others. In
addition to weak nonlinearity

A0

h0
¼ ɛ� 1 (6)

also assumed is

TKb

l20
¼ O

�
ɛ2
�
, T

Ts
¼ O

�
ɛ2
�

(7)

so that advection, diffusion, and mass supply will be of comparable
importance after many wave periods. Returning to physical varia-
bles but retaining e as the ordering parameter, the solute transport
[Eq. (5)] is rewritten as follows:
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(8)

The order contrast among terms in this equation is similar to that
for the dispersion of suspended sediments in a wave-induced
boundary layer near the seabed (Mei and Chian 1994; Mei et al.
1997, 1998). Because of the sharp difference between the time scales
of wave oscillations and diffusion, the perturbation method of
multiple scales (i.e., homogenization) can be used.

Equation for Long-Time Transport

Limiting to monochromatic waves of small amplitudes, the velo-
city components in the following perturbation series are expanded:

u ¼ u0ðx, y, tÞ þ ɛu1ðx, y, tÞ þ ɛ2u2ðx, y, tÞ þ⋯
v ¼ v0ðx, y, tÞ þ ɛv1ðx, y, tÞ þ ɛ2v2ðx, y, tÞ þ⋯

(9)

where

u0 ¼ Re
�
U0e

2ivt�, v0 ¼ Re
�
V0e

2ivt� (10)

and Reð×Þ denotes the real part of ð×Þ. Note that (u1, v1) consists of
zeroth and second harmonics, etc. Unlike the waves, solute con-
centration varies according to two contrasting time scales. Hence,
the fast time t5Oð2p=vÞ is introduced for the wave motion,
and the slow time t5 ɛ2t5Oðl20=KbÞ for the effects of diffusion.
Thus, the concentrationCðx, y, t, tÞ depends on (t, t) as independent
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variables so that the original time derivative is replaced by
∂C=∂t1 e2∂C=∂t. By averaging over the wave period (i.e., the fast
time), the slow evolution of the mean concentration can be found.
FromEq. (8) it is evident thatC is independent of the fast time t at the
leading order; hence, the following two-scale expansion is assumed:

C ¼ C0ðx, y, tÞ þ ɛC1ðx, y, t, tÞ þ ɛ2C2ðx, y, t, tÞ þ⋯ (11)

Introducing Eqs. (9) and (11) in Eq. (8) yields a sequence of per-
turbation equations for solute transport at different orders. The
orderOð1Þ equation is trivially satisfied by the period-averageC0. At
OðeÞ

∂C1

∂t
þ u0

∂C0

∂x
þ v0

∂C0

∂y
¼ 0 (12)

Because u0 and v0 are simple harmonic in t, so is C1

C1 ¼ 2 1
v
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�
i
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∂C0

∂y

�
e2ivt

�
(13)

Thus, C1 oscillates periodically with frequency, v, with a slowly
varying amplitude, which is to be determined. At Oðe2Þ, the per-
turbation equation is
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Its time average over a wave period is
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where the time average over a wave period is defined as

f ¼ v
2p

ðt0þT

t0

f ðjÞ dj (16)

In Eq. (15), ∂C2=∂t5 0, because the time-averaged quantity is in-
dependent of fast time, t. Substituting Eq. (13) into Eq. (15) and
using the well-known properties of products of sinusoidal functions
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h
∂
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hKy

∂C0
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�
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h
(17)

This result is similar to that governing the dispersion of suspended
sediment in a wave boundary layer by Mei and Chian (1994) and
Mei et al. (1997, 1998). The advective velocity consists of two parts.
The components u1 and v1 represent the near-shore circulation in-
duced by breaking waves. The quadratic terms inside the brackets
arise from cross-correlations between fluctuations of flow and con-
centration, which would not exist without the solute. These velocity

components are identical to the Stokes drift for monochromatic
waves (Mei et al. 2005, p. 516)

2
4ðtu0 dt9

3
5 ×=u0ðx, tÞ (18)

where =5 2D horizontal gradient vector; and u0 5 wave velocity
vector, whose components are given in Eq. (10). Thus, the total
advective velocity responsible for transporting the solute is the sum
of the Eulerian mean current generated by breaking waves, (u1, v1),
and the Stokes drift and can be viewed as the mass transport velocity
(Hunt and Johns 1963).

In later examples, two types of pollutant release will be con-
sidered: (1) continuous release and (2) instantaneous release. For
continuous release, the source term qðx, y, tÞ in Eq. (17) is modeled
by

qðx, y, tÞ ¼ ~Qðx, yÞHðtÞ (19)

where HðtÞ 5 Heaviside step function; and ~Qðx, yÞ 5 rate of dis-
charge per unit area. For instantaneous release, the initial value
problem governed by the homogeneous version of Eq. (17) sub-
jected to the initial condition

Cðx, y, 0þÞ ¼ ~Cðx, yÞ (20)

is solved.
This is equivalent to the source function

qðx, y, tÞ ¼ h~Cðx, yÞdðtÞ (21)

where dðtÞ is the delta function.
In subsequent examples, sources of continuous [Eq. (19)] and

instantaneous [Eq. (21)] release aremodeled, respectively, by the 2D
Gaussian function defined as follows:(

~Qðx, yÞ
~Cðx, yÞ

)
¼

(
~Qmax
~Cmax

)
exp

"
2
ðx2 x0Þ2

2s2
x

2
ðy2 y0Þ2

2s2
y

#
(22)

in which ~Qmax and ~Cmax 5maximum values of the rate of discharge
per unit area and concentration at (x0, y0) for the continuous and
instantaneous sources, respectively. ~Cmax can be either dimen-
sionless (e.g., volume of solute/volume of solvent) or dimensional
(e.g., mass of solute/volume of solvent). Here a dimensionless
concentration ~Cmax is used, and thus ~Qmax has units of ms21.

Transport along a Straight Coast

Consider a straight beach with static depth hðxÞ where the coordi-
nate x is orthogonal to the shoreline (Fig. 1). The still-water shoreline
is located at x5 0. A train of monochromatic waves with frequency
v and amplitude A propagates from deep water toward the coast with
a local angle of incidence u. In the shoaling zone outside the breaker
line, x. xb, the free surface elevation can be given by the ray ap-
proximation for small amplitude waves. Accordingly, the local wave
direction uðxÞ obeys Snell’s law

b ¼ k sin u ¼ b0 ¼ k0 sin u0 (23)

which implies

a ¼ k cos u ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k22b2

q
(24)
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In very shallow water, the local wave number kðxÞ is related to
the local depth hðxÞ by the approximate dispersion relation

v ¼ k
ffiffiffiffiffi
gh

p
(25)

Let the local free surface displacement be

h ¼ Re

�
Ae2i

�Ð
adx2byþvt

��
(26)

Near the shore where water is shallow, it is assumed that Eqs. (23)–
(26) still hold even inside the surf zone, but can be further approxi-
mated for kh� 1 so that

ðu0, v0Þ∼Re
�ðU0, V0Þe2ivt� ¼ ða,bÞRe

�
gA
v

e2i
�Ð

adx2byþvt
��
(27)

Outside the breaker line, the wave amplitude A can be approximated
by Green’s law

AðxÞ
A0

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cg0ffiffiffiffiffi
gh

p cos u0
cos u

s
, x. xb (28)

In the surf zone, the common assumption that the breaking-wave
amplitude decreases with local depth is adopted (Munk 1949)

AðxÞ ¼ ghðxÞ=2, 2xs , x, xb (29)

The empirical value of the breaker coefficient varies in the range
g5 0:7321:03 (Svendsen 2006) depending on the type of breakers.

Longuet-Higgins (1970a) proposed values between g5 0:6 and 1:2
from a series of studies based on direct observations and laboratory
measurements.

Mean Free Surface

Longuet-Higgins (1964) found that in shallow waters outside the
breaker line, the mean free surface is lower than the still water level
by the set-down

h ¼ 2A2

4h
, x. xb (30)

Thus, the mean total water depth outside the breaker line is

h ¼ hþ h ¼
�
12 1

4

�
A
h

	2�
h, x. xb (31)

and at the breaker line

hb ¼ hb þ hb ¼


12

g2

16

�
hb (32)

whichdiffers little fromhb. Inside the surf zone, there is a setup of the
mean free surface as a consequence of the radiation stress (Longuet-
Higgins 1970b)

h ¼ 1

1þ 3
8
g2

ðh2 hsÞ (33)

where

hs ¼ 2
�
hb þ 3

8
g2hb

	
¼ 2

5g2

16
hb (34)

The location of the mean shoreline is determined from h5 0, i.e.,

xs ¼ 2
5g2

16
xb (35)

It is convenient to adopt a new coordinate

x ¼ x2 xs (36)

so that the surf zone is defined as 0, x, xb (Figs. 1 and 2). For the
special case of a plane beach, h5 sx, the mean total depth becomes

h ¼ hþ h ¼ sx (37)

Fig. 1. Monochromatic waves approaching a straight shoreline at an
oblique angle

Fig. 2. Definition of parameters used for the wave set-down and setup
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where

s ¼ s

1þ 3
8
g2

(38)

Longshore Current

The classic theory by Longuet-Higgins (1970a, b) is based on the
following equations of mean momentum balance in the longshore
direction

ty þ ∂
∂x



rnh

∂v1
∂x

�
2

By
� ¼ 0, 0, x, xb

∂
∂x



rnh

∂v1
∂x

�
2


By
� ¼ 0, xb, x,‘

(39)

where ty 5 radiation stress, which vanishes in the shoaling zone
without breaking. Again, these equations are the second-order
consequences based on linearization.

The period-averaged bottom friction is assumed to be pro-
portional to the longshore current


By
� ¼ 1

p
gCf r

�
gh

�1=2
v1 ¼

�
1
p
gCf rg

1=2 s1=2
	
x1=2v1,

0, x,‘ (40)

where Cf 5 bottom friction coefficient; and r 5 density of water.
By invoking the empirical relation [Eq. (29)], the radiation stress
inside and outside of the surf zone is taken to be

ty ¼ 5
16

g2r
�
gh

�3=2 sin ub
cb

dh
dx

¼


5
16

g2rgs5=2 sin ubh
21=2
b

�
x3=2, 0, x, xb,

ty ¼ 0, xb, x,‘ (41)

where ub and cb 5 local angle of incidence and the local wave
celerity at the breaker line, respectively.

To find an analytical solution for the longshore current from
Eq. (39), Longuet-Higgins (1970b) assumed an eddy viscosity, n, to
be proportional to the distance from the mean shoreline

n ¼ Nx
�
gh

�1=2 ¼ Ng1=2 s1=2 x3=2, 0, x,‘ (42)

which becomes unbounded far into the shoaling zone. Because
breaking-induced turbulence must diminish away from the surf
zone, a different eddy viscosity is assumed that diminishes expo-
nentially with offshore distance from the breaker line

n ¼ Nrg1=2 s1=2 x3=2b e2Dðx2xbÞ, xb , x,‘ (43)

where D 5 empirical coefficient. Substituting the expressions for
bottom friction [Eq. (40)], radiation stress [Eq. (41)], and eddy vis-
cosities [Eqs. (42) and (43)] in themomentumbalance [Eq. (39)] yields

rx3=2 þ p1
∂
∂x



x5=2 ∂v1

∂x

�
2 qx1=2 v1 ¼ 0, 0, x, xb

p2
∂
∂x



xe2Dx ∂v1

∂x

�
2 qx1=2 v1 ¼ 0, xb , x,‘

(44)

where

r ¼ 5
16

g2rgs5=2 sin ubh
21=2
b , q ¼ 1

p
gCf rg

1=2 s1=2,

p1 ¼ Nrg1=2s3=2, p2 ¼ Nrg1=2 s3=2x3=2b eDxb
(45)

These equations must be solved numerically. The longshore
current v1ðxÞ vanishes at the mean shoreline, x5 0 and at a distance
far offshore. Thus

v1 ¼ 0, x ¼ 0, and ‘ (46)

Continuity of velocity and its derivative is required at the breaker
line

lim
x→ x2b

v1 ¼ lim
x→ xþb

v1 (47)

lim
x→ x2b

∂ v1
∂ x

¼ lim
x→ xþb

∂ v1
∂ x

(48)

The longshore current profile depends on three empirical parame-
ters: N, Cf , and D. The dependency of the longshore current profile
on N and Cf has been extensively analyzed in Longuet-Higgins
(1970b), who took 0,N, 0:016 and Cf 5 0:01. Tests have been
performed herein using different values ofN,Cf , andD to best fit the
laboratory data by Sun and Tao (2003), which will be presented
in the section Comparison with a Laboratory Experiment.

Solute Transport Equation

Using the expressions for the wave velocities [Eq. (27)], the qua-
dratic terms in the transport equation [Eq. (17)] can be readily
calculated, and the resulting transport equation becomes

∂C0

∂t
2a

ðgkAÞ2
2v3

∂C0

∂x
þ
"
v1 þ b

ðgkAÞ2
2v3

#
∂C0

∂y

¼ 1
h
∂
∂x



hKx

∂C0

∂x

�
þ Ky

∂2C0

∂y2
þ q

h
(49)

In this special case, v1 is the longshore current, and the cross-
shore current is assumed to be u1 5 0. No attempts are made to
calibrate the diffusivities Kx and Ky because of lack of reliable data.
Thus, Eqs. (42) and (43) are used for the diffusivities. For the
boundary conditions, the total mass flux is required to vanish along
the shoreline and far outside the surf zone

hKx
∂C0

∂x
¼ 0, x ¼ 2xs, and ‘ (50)

Interesting physics can be seen in Eq. (49). Because the Stokes
drift component b is positive, the solute is advected along the shore
at a higher speed than the classical longshore current. In addition,
a. 0; hence, the solute is also transported toward the shore. If the
solute is released outside the breaker line, the advection speeds
increase first to a maximum at the breaker line and then diminish to
zero at the shoreline. Hence a cloud of contaminants eventually
travels close to the shore while spreading laterally by diffusion, as
observed in the laboratory and in the field.

The solute transport equation [Eq. (49)] is solved numerically by
using the Crank-Nicholson finite-difference scheme with accuracy
of orderOðDx2, DtÞ. Convergence and stability testswere performed
for different grid sizes. The accuracy of the numerical algorithm
was also checked with a known analytical steady-state solution of
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Fig. 3. Plan view of the experimental setup used by Sun and Tao (2003)

Fig. 4.Wave derived quantities for Test I: (a) model-data comparison of wave heights; circles are experimental data [Fig. 2 in Sun and Tao (2003)] and
solid line corresponds to the numerical results (root mean square error between the experimental data and the model is erms 5 0:004 cm); (b) predicted
meanwater level in solid line and still water level in thin dotted line; (c) eddy viscosity predicted by themodel in solid line and Longuet-Higgins’model,
n5Nx

ffiffiffiffiffi
gh

p
, in crosses; in all plots, dashed gray line indicates the breaker line;wave parameters:A5 1:5 cm,T 5 1 s, u5 30�,g5 0:7, slope s5 1=100;

longshore current parameters N5 0:004, Cf 5 0:0042, and D5 0:5m21
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concentration from a continuous point source. The analytical so-
lution and its comparisons with numerical results are shown in the
Appendix. Further details of several examples related to solute
transport inside and outside of a surf zone are presented in the
following section.

Comparison with a Laboratory Experiment

Sun and Tao (2003) reported laboratory experiments for longshore
current and dye transport. A beach was installed on one side of
a basin with horizontal dimensions 403 24m and a depth of 1.2 m.
A sketch of the experimental setup is presented in Fig. 3. Tests were
performed for two beach slopes and constant offshore depths:
s5 1=100 with h0 5 18 cm (Test I), and s5 1=40 with h0 5 45 cm
(Test II). Dye was released both instantaneously and continuously
from the end of a tube close the basin bottom. Hence, the dye
concentration was far from uniform in depth, as assumed in the
present theory. In their report, only the dye patch shape at one instant
was shown for each test, instead of showing the concentration

contours at several instants. Nevertheless, the simulations of these
tests are described in the hope that extensive and well-controlled
experiments will be available in the future for more definitive
comparisons.

Qualitative Model-Data Comparison for 1/100
Slope (Test I)

The incident regular wave conditions at the offshore boundary for
Test I were as follows: amplitude A5 1:5 cm, wave period T 5 1 s,
and angle of incidence u5 30�. In the present coordinate system,
the toe of the beach was located at x5 18m. Fig. 4(a) shows that
the predicted wave height (H5 2A) agrees well with the measured
data [Fig. 2 in Sun and Tao (2003)], with a rootmean square error of
erms 5 0:004 cm. The predicted mean free surface is plotted in
Fig. 4(b), but no experimental data are available for comparison.
The numerical results show that the breaker line is located at x5 xb
5 5m, whereas the mean shoreline is at x5 2xs 5 20:74m.
Fig. 4(c) displays the eddy viscosity calculated from Eqs. (42)

Fig. 5.Currents for Test I: (a) model-data comparison of longshore current; circles are experimental data [Fig. 2 in Sun and Tao (2003)] and solid line
corresponds to the numerical results (root mean square error between the experimental data and themodel is erms 5 0:019m=s); (b) predicted longshore
Stokes drift velocity; (c) predicted cross-shore Stokes drift velocity; in all plots, dashed gray line indicates the breaker line; wave parameters:
A5 1:5 cm, T5 1 s, u5 30�, g5 0:7, slope s5 1=100; longshore current parameters: N5 0:004, Cf 5 0:0042, and D5 0:5m21
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and (43), with N5 0:004, Cf 5 0:0042, D5 0:5m21, and a break-
ing index of g5 0:7. The maximum value at the breaker line is
nmax 5 0:17m2=s.

The predicted longshore current in Fig. 5(a) peaks at vmax

5 0:135m=s and fits the experimental data [Fig. 3 in Sun and Tao
(2003)] with a root mean square error of erms 5 0:019m=s. The
theoretical longshore and cross-shore Stokes drift velocities,
aðgkAÞ2=2v3 and bðgkAÞ2=2v3, are shown in Figs. 5(b and c),
respectively. The longshore component of the Stokes drift is much
smaller than the longshore current, whereas the cross-shore Stokes
drift is about one-half of the longshore current. All parameters
depicted in Figs. 4 and 5 are used to compute the leading order
concentration C0 [Eq. (49)] for both the instantaneous and con-
tinuous releases in Test I.

Mixing Pattern for Instantaneous Source
For the instantaneous release, numerical simulations were carried
out in a domain of 183 18m in the cross-shore and longshore
directions to cover the entire slope in Fig. 3. The spatial grid size
was set to Dx5Dy5 0:28m, and the time step was Dt5 1 s. The
source was modeled by a Gaussian cloud [Eq. (22)], with a nondi-
mensional peak value of ~Cmax 5 1 at ðx0, y0Þ5 ð4:5, 2:0mÞ. Having
no detailed information on the release, SDs were arbitrarily set to
sx 5sy 5 0:56m.

In Sun and Tao (2003), only one test result was reported for
instantaneous release under regular waves on a slope of s5 1=100,
where the dye release was just inside the breaker line. One snap-
shot of the dye cloud was photographed at 50 s after the initial
release [Fig. 6 in Sun and Tao (2003)]. Fig. 6(a) shows contour lines

Fig. 6. Mixing of instantaneous release for Test I: (a) experimental results at 50 s are shown by dotted lines [Fig. 6 in Sun and Tao (2003)], and
numerical results are shown by solid lines; (b) time evolution of the isocontour C0 5 0:1 at 16, 33, and 50 s (star depicts the location of release and the
dashed gray line indicates the breaker line; dashed-dotted line corresponds to the trajectory of the maximum concentration); wave parameters:
A5 1:5 cm, T5 1 s, u5 30�, g5 0:7, slope s5 1=100; longshore current parameters: N5 0:004, Cf 5 0:0042, and D5 0:5m21
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of the dye cloud 50 s after the instantaneous release. The cloud is
significantly advected downstream, and the concentration distri-
bution slightly deviates from the initial Gaussian shape. Fig. 6(b)
depicts the time evolution of the cloud by means of three snapshots
of numerical results for the concentration contour C0 5 0:1 at
t5 16, 33, and 50 s. As predicted by Eq. (49), the computed cloud
drifts both shoreward and alongshore, being elongated rapidly in

the longshore direction as a consequence of the much smaller cross-
shore current velocity.

The observed dye movement is much slower than the drifting
fluid for the experimental data. Because the predicted longshore
velocity agrees well with the measurement, the difference in the ob-
served dye movement could be explained in part be because of the
proximity of the release point to the basin bottom, where velocities

Fig. 7.Mixing of continuous release for Test I: (a) experimental results at 35 s are shown by dotted lines [Fig. 7 in Sun and Tao (2003)] and numerical
results are shown by solid lines; (b) time evolution of the isocontour C0 5 2:0 at 12, 24, and 35 s (star depicts the location of release and the dashed
gray line indicates the breaker line); wave parameters: A5 1:5 cm, T 5 1 s, u5 30�, g5 0:7, slope s5 1=100; longshore current parameters:
N5 0:004, Cf 5 0:0042, and D5 0:5m21
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Fig. 8. Longshore currents used to adjust coefficientsN,Cf , andD for Test II: longshore current from experiments by Tao and Han (2002) is plotted in
circles [Fig. 3 in Tao and Han (2002)], and the calculated profile used for calibration of slope 1=40 is shown by solid lines; root mean square error
between the experimental data and themodel is erms 5 0:065m=s; dashed gray line represents the breaker line;wave parameters:A5 5:12 cm,T 5 1:4 s,
u5 30�, g5 0:7, slope s5 1=40; longshore current parameters: N5 0:001, Cf 5 0:009, and D5 0:01m21

Fig. 9.Wave-derived quantities for Test II: (a) predictedwave heights for the continuous release (Sun and Tao 2003); (b) predictedmeanwater level in
solid line and still water level in thin dotted line; (c) predicted eddy viscosity; in all plots, dashed gray line indicates the breaker line; wave parameters:
A5 4:0 cm, T5 1:5 s, u5 30�, g5 0:7, slope s5 1=40; longshore current parameters: N5 0:001, Cf 5 0:009, and D5 0:01m21
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are smaller than in the surface. Unfortunately, no further details on
vertical patterns are available (e.g., mechanism used to released the
solute, vertical profile of the horizontal velocities and concentra-
tion), and no other records are presented in the original paper to show
the repeatability of the data. A conclusive explanation of the dif-
ference between flow and cloud velocities is thus not possible.

Mixing Pattern for Continuous Source
Numerical simulations were carried out using the same grid and time
step used for the instantaneous release (Dx5Dy5 0:28m and
Dt5 1 s). The source was modeled by a 2D Gaussian cloud with
a peak value for the rate of discharge per unit area of ~Qmax 5 1ms21,
centered at ðx0, y0Þ5 ð4:0m, 2:0mÞ, with arbitrarily chosen SDs of
sx 5sy 5 0:56m.

Fig. 7(a) shows the predicted concentration contours at 35 s after
the initiation of the release. The concentrations remain high near the
source as a consequence of the continuous release of solute and
decay far from the source because of both advection and diffusion.
Fig. 7(b) displays the time evolution of the dye cloud by means of
three snapshots of the concentration contour C0 5 2:0 at t5 12, 24,
and 35 s. The computed cloud drifts both shoreward and alongshore
and has an elongated shape in the longshore direction. From the

experiment, only the outer boundary of the dye cloud at t5 35 s was
available [Fig. 7 in Sun and Tao (2003)] and is included here for
comparison. Although the numerical cloud drifts slightly more
onshore, both the trajectory and shape are quite similar to the ob-
served dye cloud, suggesting a qualitative confirmation of the
theory.

Qualitative Model-Data Comparison for a 1/40
Slope (Test II)

Sun and Tao (2003) also reported observations of dye transport on
the 1/40 slope for both the instantaneous and continuous releases
[Figs. 12 and 13 in Sun and Tao (2003)]. For the instantaneous
source, neither longshore current nor wave height measurements
were reported in the region where mixing occurs. For the con-
tinuous release case, only the incident wave conditions at the
offshore boundary were available, and no data on wave shoaling
and longshore currents were reported. Therefore, another set of
experiments by Tao and Han (2002) in the same facility is used to
tune coefficients determining the longshore currents. Numerical
simulations of their laboratory observations under irregular waves
with the mean amplitude A5 4:0 cm, mean period T 5 1:5 s, and

Fig. 10. Currents for Test II: (a) predicted longshore current; (b) predicted longshore Stokes drift velocity; (c) predicted cross-shore Stokes drift
velocity; in all plots dashed gray line indicates the breaker line; wave parameters: A5 4:0 cm, T 5 1:5 s, u5 30�, g5 0:7, slope s5 1=40; longshore
current parameters: N5 0:001, Cf 5 0:009, and D5 0:01m21
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angle of incidence u5 30� are reported. As a first approximation, the
random waves are modeled by regular waves with the same mean
wave amplitude and wave period.

The parameters used for calculating the longshore current (N,
Cf , D, and g) were obtained by matching the numerical solutions
with the longshore current measurements in the same facility re-
ported in Tao and Han (2002) for regular waves with amplitude of
A5 5:12 cm, wave period of T 5 1:4 s, and angle of incidence
u5 30� on a 1=40 slope. Fig. 8 shows the comparison between the
theoretical solution for longshore current and the experimental data
[Fig. 3 in Tao and Han (2002)], using N5 0:001, Cf 5 0:009,
D5 0:01m21, and a breaking index of g5 0:7. The root mean
square error between the experimental velocities and the model is
erms 5 0:65m=s, which is relatively high compared with the actual
values of velocity.

Using these coefficients and the incident wave conditions
(A5 4:0 cm, T5 1:5 s, and u5 30�), the wave height, mean water
level and eddy viscosity (Fig. 9), longshore current, and Stokes drift
velocity components (Fig. 10) are calculated. These parameters are
used to compute the leading order concentration C0 using the
governing equation [Eq. (49)] for the continuous release in Test II.

The release was modeled by a Gaussian cloud with a peak value
for the rate of discharge per unit area of ~Qmax 5 1ms21 at (x0, y0)
5 (3.0 m, 2.0 m), with arbitrarily chosen SDs of sx 5sy 5 0:56m,
as defined in Eq. (22). Fig. 11 depicts the position of the dye cloud at
30 s after the initiation of the release [Fig. 13 in Sun and Tao (2003)],
and its evolution is based on the numerical results at t5 10, 20, and
30 s. Both the experimental and numerically simulated dye clouds
show comparable drift angles and patch sizes, although the numerical
results tend to be slightly further onshore.

Field-Scale Examples by Computation

To gain further understanding of the physics of solute transport on
the field scale, a hypothetical case was examined in which wave

conditions are typical of those on a beach exposed to swells. The
numerical simulations were carried out on a plane beach of slope
s5 1=100, extending to infinity alongshore and to deep water in the
cross-shore direction.

The following wave conditions at the offshore boundary in deep
waters were chosen: amplitude A5 0:5m, period T 5 10 s, and
angle of incidence u5 30�. Wave propagation was carried out to-
ward shallow waters using the linear wave theory and Snell’s law.

Fig. 12(a) shows the surf-zone wave height, and the mean free
surface is plotted in Fig. 12(b). The breaker line is located at
x5 xb 5 61:4m, whereas the mean shoreline is located at x5 2xs
529:1m. Fig. 12(c) displays the eddy viscosity profile calculated
with N5 0:002, Cf 5 0:01, D5 0:1m21, and g5 0:7. The para-
meters N and Cf were extracted from Longuet-Higgins (1970a, b),
and D was arbitrarily chosen. The breaker coefficient adopted
herein is consistent with the literature (Svendsen 2006; Longuet-
Higgins 1970a). The resulting eddy viscosity (i.e., diffusivity)
is of order Oð1Þm2=s, agreeing with the range of values re-
ported by Takewaka et al. (2003), Mariani (2004), and Clark
et al. (2010). The maximum eddy viscosity at the breaker line is
nmax 5 0:67m2=s.

The longshore current profile is depicted in Fig. 13(a), and the
maximum velocity is vmax 5 0:7m=s. Longshore and cross-shore
Stokes drift velocities are shown in Figs. 13(b and c), withmaximum
values of 0.036 and 0.27 m/s, respectively. Similar to the laboratory
cases, the longshore component of the Stokes drift velocity is much
smaller than the calculated longshore current velocity, whereas the
cross-shore component is about one-half of the longshore current.
Hence, the center of a solute cloud drifts to the shore while moving
downstream along the shore.

Mixing Pattern for Instantaneous and
Continuous Sources

Numerical simulations for instantaneous and continuous dye re-
leases up to 150 s were carried out in a domain of 1503 300m in

Fig. 11. Mixing of continuous release for Test II: experimental results at 30 s are shown by dotted lines [Fig. 13 in Sun and Tao (2003)] and the
numerical results at 10, 20, and 30 s are plotted by solid lines (star depicts the location of release, and the dashed gray line indicates the breaker line);
wave parameters: A5 4:0 cm, T 5 1:5 s, u5 30�, slope s5 1=40; longshore current parameters: N5 0:001, Cf 5 0:009, and D5 0:01m21
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the cross-shore and longshore directions, respectively. The spatial
grid sizewasDx5Dy5 3:84m, and the time stepwasDt5 1 s. The
source was modeled by a Gaussian cloud with a nondimensional
peak value of concentration of ~Cmax 5 1 for the instantaneous case
and amaximum rate of discharge per unit area of ~Qmax 5 1ms21 for
the continuous case. SDs of sx 5sy 5 6:14mwere arbitrarily used
in both cases. Three release positions were tested: within the surf
zone (x0 5 40m, y0 5 50m); slightly seaward of the breaker line
(x0 5 80m, y0 5 50m), and farther offshore of the the breaker
(x0 5 120m, y0 5 50m). Concentration contours at t5 100, 200,
and 300 s are depicted in Figs. 14 and 15 for the instantaneous and
continuous cases, respectively. When the dye is released outside
the surf zone and far away from the breaker [x0 5 120m; Figs. 14(a)
and 15(a)], the dye patch moves slowly in the shoaling zone be-
cause the longshore current and Stokes drift velocities are both
weak. However, as the cloud reaches the breaker line, the effects of
diffusion and advection grow because of the increasing diffu-
sivities, Stokes drift, and longshore current. When dye is released

close to the breaker line [x0 5 80m; Figs. 14(b) and 15(b)], the
cloud is advected at a much higher current speed along the surf
zone. As a consequence, the solute is elongated and widened by a
combination of diffusion and enhanced longshore advection; thus,
concentrations are quickly reduced. For a release near the shoreline
[x0 5 40m; Figs. 14(c) and 15(c)], the early evolution has a similar
pattern, but later, the cloud clings close to the shoreline where
diffusion and longshore movement slow down because the diffu-
sivity, longshore, and wave-driven velocities go to zero at the shore.

Travel Distance for a Continuous Plume to
Reach the Shore

Next, the travel distance for the peak of a continuously released
pollutant plume to reach the shoreline from the source was exam-
ined. The distance between the source and this point of contact
(i.e., landing) is referred to as contact distance and denoted by Lcontact
in Fig. 16(a). Dependence of the contact distance on the source
position, local wave conditions, and bathymetry is useful for the

Fig. 12.Wave-derived quantities for field scale example: (a) predicted wave heights; (b) predicted mean water level in solid line and still water level
in thin dotted line; (c) eddy viscosity predicted by the model in solid lines and Longuet-Higgins’model, n5Nx

ffiffiffiffiffi
gh

p
, in crosses; in all plots dashed gray

line indicates the breaker line; wave parameters: A5 0:5m, T5 10 s, u5 30�, g5 0:7, slope s5 1=100; longshore current parameters: N5 0:002,
Cf 5 0:01, and D5 0:1m21
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design of marine outfalls or safety issues during spills, among other
applications. The analysis is intended to give a taste of the orders of
magnitudes and trends of this quantity for some typical wave
conditions, without going through a detailed sensitivity analysis.

Using the same Gaussian source with (sx 5sy 5 6:14m) and
~Qmax 5 1, the contact distances for a wide range of incident angles
and periods are computed. Only two different values of release
position, beach slope, and wave amplitude are considered.

In Figs. 16(b–e), each curve is the contour of equal contact
distance for a fixed set of source position x0, offshore wave am-
plitude A, and beach slope s. Each pair of wave period T and in-
cidence angle u corresponds to a point in the plot, from which the
contact distance in meters is given by the intersecting contour. As ex-
pected, for any fixed set of (x0, A, s), the contact distance increases
with the angle of incidence—being zero for normal incidence with
u5 0�—and decreases with increasing wave period as a conse-
quence of refraction. By comparing Figs. 16(b and c), the contact
distance increases with the slope, because in the latter (s5 1=40),
waves feel the bottom closer to the shoreline and deflection of the

wave fronts is less significant. For the same release point and beach
slope, the contact distance increases slightly with the offshore wave
amplitude, as seen by comparing Figs. 16(b and d). However, the
distance is nearly doubled if the release point is twice as far offshore,
as shown in Figs. 16(b and e).

Concluding Remarks

Using the same assumptions as those in existing theories for the
longshore current, the advective diffusion equation for the transport
and spreading of solute in the surf zone is derived. The total ad-
vection velocity is found to be the sum of the steady current caused
by radiation stresses and a contribution from the covariance of
fluctuating velocity and concentration. The latter contribution
has been ignored by many existing models for analyzing solute
transport in the surf zone. The solute transport [Eq. (17)] can be
applied to complex bathymetries and wave conditions. In Eq.
(49), Stokes drift contributes to the convection velocity in both

Fig. 13. Currents for field scale example: (a) predicted longshore current; (b) predicted longshore Stokes drift velocity; (c) predicted cross-shore
Stokes drift velocity; in all plots dashed gray line indicates the breaker line; wave parameters: A5 0:5m, T5 10 s, u5 30�, g5 0:7, slope s5 1=100;
longshore current parameters: N5 0:002, Cf 5 0:001, and D5 0:1m21
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cross-shore and longshore directions, represented by aðgkAÞ2=2v3

and bðgkAÞ2=2v3, which are proportional to the square of the
wave steepness. It is demonstrated that pollutants being released
in the surf zone will eventually reach the shoreline and stay at the
shoreline. With proper estimates of empirical parameters, the
present theory can simulate the location and period-averaged
concentration of the pollutant along the shoreline. Attempts are
made to compare the numerical simulations with available ex-
periments with partial success. Because of the lack of infor-
mation on the initial conditions, experimental setup, and actual
values of the concentration, comparisons remain qualitative, and

no identification of the sources of errors or limitations of the theory
is attempted. Definitive comparison calls for more comprehensive
data in well-controlled and more thoroughly documented tests in
the laboratory.

Appendix. Final State of Continuous Source

In this appendix, the analytical steady solution for a concentration
distribution generated by a continuous release at a point source in
a unidirectional constant flow is shown. The analytical solution is
then used to check the numerical algorithm used in this paper.

Fig. 14. Time evolution of instantaneous releases for field-scale ex-
ample at positions: (a) x0 5 40m; (b) x0 5 80m; and (c) x0 5 120m
for t5 100, 200, and 300 s (star depicts the location of release and the
dashed gray line indicates the breaker line): the contour line corresponds
to C0 5 0:1; the dashed-dotted line corresponds to the trajectory of
the maximum concentration; wave parameters: A5 0:5m, T 5 10 s,
u5 30�, g5 0:7, slope s5 1=100; longshore current parameters:
N5 0:002, Cf 5 0:01, and D5 0:1m21

Fig. 15. Time evolution of continuous releases for field-scale example
at positions: (a) x0 5 40m; (b) x0 5 80m; and (c) x0 5 120m for
t5 100, 200, and 300 s (star depicts the location of release and the
dashed gray line indicates the breaker line): the contour line corre-
sponds to C0 5 2:0; wave parameters: A5 0:5m, T 5 10 s, u5 30�,
g5 0:7, slope s5 1=100; longshore current parameters: N5 0:002,
Cf 5 0:01, and D5 0:1m21
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Consider a steady-state condition, ∂=∂t5 0, a flow of constant
depth, and constant and isotropic diffusivity. The simplified trans-
port equation becomes

v ∂C
∂y

¼ K



∂2C
∂x2

þ ∂2C
∂y2

�
þ Q0

ho
dðxÞdðyÞ (51)

where ho 5 depth at the source. The boundary conditions require

C→ 0, x, y→ 6‘ (52)

Take Fourier transform

Fig. 16.Contact distances for the field-scale example: (a) schematics defining the contact distance Lcontact; (b) isocontours of contact distance inmeters, for
offshorewave amplitudeA5 0:5m, slope s5 1=100, and release point x0 5 50m; (c) isocontours forA5 0:5m, s5 1=40, and x0 5 50m; (d) isocontours
for A5 1:0m, s5 1=100, and x0 5 50m; (e) isocontours for A5 0:5m, s5 1=100, and x0 5 100m; wave parameters: periods in the range T5 4216 s,
offshore angle of incidence in the range u5 0240�, g5 0:7; longshore current parameters: N5 0:002, Cf 5 0:01, and D5 0:1m21
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Ĉða, yÞ ¼
ð‘
2‘

dxCðx, yÞe2iax, C ¼ 1
2p

ð‘
2‘

dk Ĉða, yÞeiax (53)

then Eq. (51) becomes

∂2Ĉ
∂y2

2 v
K

∂Ĉ
∂y

2a2Ĉ ¼ 2
Q0

Kh0
dðyÞ, 2‘, y,‘ (54)

The boundary conditions [Eq. (52)] become

Ĉ→ 0, y → 6‘ (55)

The boundary value problem [Eqs. (54) and (55)] can be split into
two equivalent problems

∂2Ĉþ
∂y2

2 v
K

∂Ĉþ
∂y

2a2Ĉþ ¼ 0, 20þ , y,‘ (56)

∂2Ĉ2

∂y2
2 v

K
∂Ĉ2

∂y
2a2Ĉ2 ¼ 0, 2‘, y, 02 (57)

with the boundary conditions

Ĉ6 → 0, y→ 6‘ (58)

Ĉþ ¼ Ĉ2, y ¼ 0 (59)

An additional matching condition at y5 0 can be obtained by in-
tegrating Eq. (54) across the delta function

∂Ĉþ
∂y

2
∂Ĉ2

∂y
¼ 2

Q0

Kk0
, y ¼ 0 (60)

Solutions for Eqs. (56) and (57) can be readily obtained as

Ĉþ ¼ Aþevy=2Ke2y
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv=2KÞ2þa2

p
, y. 0 (61)

Ĉ2 ¼ A2e
vy=2Key

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv=2KÞ2þa2

p
, y, 0 (62)

To satisfy Eqs. (59) and (60)

Aþ ¼ A2 ¼ Q0

2Kh0
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

v
2K

	2 þ a2

r (63)

Fig. 17. (a and b) Analytical and numerical solutions for the steady-state continuous release: the source is located at ðx0, y0Þ5 ð20:0m, 26:7mÞ;
(c and d) cross sections at x5 20:0m and y5 26:7m (coinciding with the source) are compared

JOURNAL OF WATERWAY, PORT, COASTAL, AND OCEAN ENGINEERING © ASCE / NOVEMBER/DECEMBER 2013 / 453

J. Waterway, Port, Coastal, Ocean Eng. 2013.139:437-454.

D
ow

nl
oa

de
d 

fr
om

 a
sc

el
ib

ra
ry

.o
rg

 b
y 

C
or

ne
ll 

U
ni

ve
rs

ity
 o

n 
10

/1
6/

13
. C

op
yr

ig
ht

 A
SC

E
. F

or
 p

er
so

na
l u

se
 o

nl
y;

 a
ll 

ri
gh

ts
 r

es
er

ve
d.



i.e.,

Ĉ ¼ Q0

2Kh0
evy=2K e2jyj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv=2KÞ2þa2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
v
2K

	2 þ a2

r , 2‘, y,‘ (64)

Taking the Fourier inverse transform, the concentration solution is
found as

Cðx, yÞ ¼ Q0

2Kh0
evy=2K 1

2p

ð‘
2‘

daeiax e2jyj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv=2KÞ2þa2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv=KÞ2 þ 4a2

q

¼ Q0

2Kh0
evy=2K 1

p

ð‘
0

cosðaxÞ e2jyj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv=2KÞ2þa2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv=2KÞ2 þ a2

q da,

2‘, x, y,‘ (65)

From Erdelyi et al. (1954, p. 17)

ð‘
0

da cos xa e2b
ffiffiffiffiffiffiffiffiffiffi
a2þz2

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ z2

p ¼ K0



z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ b2

q �
(66)

where K0 5 modified Bessel function of the second kind. Take
b→ jyj, z5 v=2K

C ¼ Q0

2pKh0
evy=2KK0



v
2K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p �
(67)

Because of the factor evy=2K , C decays fast on the upstream side
( y, 0) and slowly on the downstream side (y. 0) and spreads out
like a plume. If v diminisheswith increasing y to a very small value of
dv after a finite distance, say y. Y , then

C}
Q0

2pKh0
evy=2K ln



dv
2K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ Y2

p �
(68)

which can become large, implying accumulation.
Numerical solutions were carried out for different grid sizes and

time steps for a source located at (x0, y0), in which case the analytical
solution becomes

C ¼ Q0

2pKh0
evðy2y0Þ=2K K0

�
v
2K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx2 x0Þ2 þ ðy2 y0Þ2

q �
(69)

Fig. 17 depicts the analytical and numerical solutions for a contin-
uous release arbitrarily located at (x0, y0)5 (20m, 26.7m), values of
Q0 5 1m3=s, K5 1m2=s, h0 5 1m, v5 0:1m=s, a grid size of
dx5 dy5 1m, and a time step of dt5 1 s. The domain was defined
by 0, x, 40m and 0, y, 80m, although images are depicted
for 10m, x, 30m and 20m, y, 40m, because close to the
boundaries, both solutions differ because of the boundary conditions
of the numerical code. A good fit is obtained regardless of the grid
size or time increment.
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